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Abstract: We explore the spectrum of excited and exotic bottomonia using lattice QCD.
Highly excited states are identified with masses up to 11,000 MeV, many of which can be
grouped into supermultiplets matching those of the quark model while exotic spin–parity–
charge-conjugation quantum numbers JPC = 0+−, 1−+, 2+− that cannot be formed from
q¯q alone are also identified. Single-meson operator constructions are used that have good
JPC in the continuum, these are found to overlap well onto heavy quark states with J ≤ 4.
A continuum JPC is assigned to each level, based on the distribution amongst lattice irreps
and dominant operator overlaps. States with a dominant gluonic component are identified
and form a hybrid supermultiplet with JPC = (0, 1, 2)−+, 1−−, approximately 1500 MeV
above the ground-state ηb, similar to previous computations with light, strange and charm
quark systems.
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1 Introduction
The spectrum of bottomonium mesons has been extensively studied using effective field
theories, sum rules, models and ab initio theoretical methods. More recently, the discovery
of unexpected, narrow charmonium-like states - the so-called XYZs - has led to a resurgence
of interest in heavy quark spectroscopy fuelling theoretical discussions as to their nature
and structure. Suggestions include hydrid mesons, molecular or tetraquark configurations
or simple quark-antiquark mesons albeit with unexpected masses. In addition, in the
plethora of newly discovered states no observation of a state with manifestly exotic quantum
numbers, that cannot be produced by quark-antiquark constructions alone, has been made.
To date an explanation of the charmonium-like XYZs as well as the absence of charmonium
and bottomonium states with exotic JPC has not emerged.
A similar abundance of new states has yet to emerge in the bottomonium sector, where
the meson spectrum remains relatively poorly explored, although this will be addressed in
the near future by LHCb and Belle II [1, 2]. A recent review [3] summarises the current the-
oretical and experimental results in both charm and bottom-quark systems. Quark models
appear to account for many of the low-lying states, although many are yet to be found.
Nevertheless, five hadronic states containing a bb¯ component, which are inconsistent with
quark models have already been discovered. In a similar pattern to the charmonium XYZs,
– 1 –
three of these states have conventional quantum numbers Υ(10580, 10860, 11020) while two
states, the (charged) Zb(10610) and Zb(10650) appear to require a four-quark configura-
tion, for example in a compact tetraquark or a molecular arrangement. Calculations of the
spectrum of excited and exotic bottomonium mesons are therefore timely.
Relatively little is known about the presence of exotic hadrons in bottomonium from
lattice QCD. However, exotic hadrons have been predicted in both integer and half-integer
spins, in a series of studies considering light, strange [4–9], and charm quarks [10–14]. Ev-
idence has also emerged from exploratory lattice QCD studies of compact tetraquark con-
structions containing b-quarks, that some channels may admit bound-state solutions [15–
18]. The large separation of scale between bottom and light quarks makes reliable first-
principles lattice QCD computations challenging. Demanding that discretisation effects of
O(amQ) for both light and bottom quarks are small, while simultaneously ensuring that
the volume is large enough (mpiL > 4) requires very large and very fine lattices.
Effective field theories computed on the lattice, including NRQCD and the Fermilab
approach, have played an important role in bridging the gap between maintaining a rea-
sonable computational cost and accessing the physics of interest. In recent work heavy
quarks have also been simulated with a relativistic highly-improved staggered quark action
(heavy-HISQ) and a range of heavy quark masses are used to enable a reliable extrapola-
tion to the bottom quark mass. An impressive array of precision b-physics quantities has
been determined and the methods themselves are now proven to be robust and reliable. It
is relatively commonplace to extract ground-state quantities precisely, and several studies
have also reported success in computing excited state spectra [19–27].
In this study we present results from an exploratory relativistic dynamical anisotropic
lattice calculation of the excited spectrum of bottomonium. On an anisotropic lattice
the lattice spacing in the temporal direction, at, is finer than in the spatial direction,
as providing enhanced resolution for specroscopy. Earlier work using anisotropic lattices
for heavy quark physics is described in Refs. [28, 29]. This work follows Refs. [10, 14]
where charm quarks were simulated using a relativistic Wilson-clover quark action (the
same action as used for the light quarks) on an anisotropic lattice with stout-smeared [30]
spatial links, and distillation for quark smearing [31]. We apply this relativistic action to
bottom quarks for the first time, noting that while asmb > 1, in the temporal direction
atmb remains less than unity. The effect of spatial discretisation is investigated through
dispersion relations and is found to be mild, at least within the scope of this calculation.
In this work we demonstrate that the techniques developed and used in Refs. [4–14]
for spin identification from large correlation matrices formed of large bases of operators
and analysed variationally, allow for the identification of extensive spectra of bottomonia,
including quark-model-like and hybrid supermultiplets spanning conventional qq¯ and exotic
quantum numbers. Some preliminary results from these calculations were presented in
Ref. [32].
The paper is organised as follows: Sections 2 and 3 describe the details and parameters
of this lattice calculation. The bottomonium spectrum is presented in Section 4, where the
determination exotic states and a supermultiplet of hybrid mesons is also discussed. A
summary and outlook is presented in Section 5.
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2 Calculation Details
We use 2 + 1 flavours of dynamical quarks on an anisotropic lattice with a temporal lattice
spacing, at that is finer than the spatial lattice spacing as, with anisotropy ξ = as/at ≈ 3.5.
The light quarks are tuned to produce a heavier-than-physical pion of approximately 391
MeV. A tree-level Symanzik-improved action is used in the gauge sector while the fermion
sector is described by a tadpole-improved Sheikholeslami-Wohlert (clover) action, including
stout-smeared spatial gauge fields [30] and distillation quark smearing [31]. Full details of
the action and parameters can be found in Refs. [33, 34].
Table 1 summarises the lattice ensembles used in this study. The final results are
produced using two time-sources on an (L/as)
3 × T/at = 203 × 128 volume at a single
value of the lattice spacings (as, at). To test the volume dependence, a single time-source
on a 243 volume is used. Dispersion relations are extracted from energy levels at finite
momentum computed with a single time-source on the 203 volume.
Lattice Volume mpi (MeV) Ncfgs. Ntsrcs Nvecs.
203 × 128 391 603 1-2 128
243 × 128 391 553 1 162
Table 1. Details of the lattice gauge field ensembles used in this study. The volume is given as
(L/as)
3 × (T/at) where L and T are the spatial and temporal extents of the lattice. The number
of gauge field configurations, the number of (perambulator) time-sources per configuration and the
number of eigenvectors employed in the distillation method are given as Ncfgs., Ntsrcs and Nvecs.
respectively.
2.1 Lattice heavy quarks
In an anisotropic lattice computation with dynamical quarks, the bare gauge and fermion
anisotropies, which enter in the Monte Carlo ensemble generation, must be simultaneously
tuned to produce a target value when measured non-perturbatively [33]. For heavy valence
quarks, an additional tuning of the fermion anisotropy is useful to ensure a consistent
measured anisotropy [10]. The tuning condition is the same as for light quarks namely
that the speed of light, c = 1, or in other words that a relativistic dispersion relation
is measured. For charm quarks, it was demonstrated that a single valence anisotropy
parameter, tuned with the pseudoscalar (ηc) dispersion relation, also yields a relativistic
dispersion relation for the vector (J/ψ) and for the heavy-light (D-meson) sector, consistent
within uncertainties.
The dispersion relation also plays an important role in the Fermilab treatment of lat-
tice heavy quarks [35]. In this approach a mass-dependent tuning of parameters guarantees
a smooth interpolation between the light and heavy sectors. The bottom quark mass in
the simulation is tuned so that the kinetic mass measured from the quarkonium disper-
sion relation takes its physical value and need not be the same as the rest mass. In a
relativistic simulation the rest and kinetic masses are equal but this is not required in the
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Fermilab approach, while in non-relativistic formulations of QCD (NRQCD) the rest mass
is discarded.
In this work the bottom quark is treated relativistically, computed with the same
tadpole-improved Wilson-clover action used for the light quarks. The bottom quark mass
parameter in the simulation is determined by imposing that the pseudoscalar meson mass
takes the physical ηb value [36]. We investigate the occurrence and significance of discreti-
sation errors using dispersion relations, and mass splittings of the pseudoscalar and vector
ground states. The relativistic form of the dispersion relation for a meson A can be written
(atEA)
2 = (atmA)
2 +
(
1
ξA
)2
(asp)
2, (2.1)
and since the quark fields in the meson satisfy periodic boundary conditions for the finite
extent of the lattice, the momenta are quantised as as~p =
2pi
L (nx, ny, nz) with ni ∈ Z and for
simplicity we label momenta by [nxnynz] in the text. The renormalised anisotropy, ξA can
be determined from the slope of the dispersion relation. The input anisotropy parameter in
the valence heavy-quark action was tuned so that the pseudoscalar (ηb) dispersion relation
produces ξ ≈ 3.5. Keeping the heavy-quark mass and the input anisotropy fixed, the
anisotropy determined from the heavy-heavy vector (Υ) and in heavy-light (B-meson)
systems was then compared with the ηb.
The dispersion relations for the ηb and Υ mesons are shown in the left panel of Figure 1,
for a range of momenta up to ~p = [211] 1. At each momenta a large basis of interpolating
operators has been used in a variational analysis to determine the energy level in the
appropriate lattice irreducible representation, as described in sec. 3. The rest mass and
anisotropy determined from fits to Eq. 2.1 are summarised in Table 2. The goodness-of-fit
(χ2/Ndof) values obtained show the data are well-described by Eq. 2.1. Little evidence of
deviation from the relativistic form of the dispersion relation is apparent below momentum
[210], while [210] and [211] appear to show a small differences. We note that for these latter
high momenta points the correlation functions only plateau at large euclidean times and the
energy levels are less robustly determined. The measured anisotropies are ξηc = 3.590(15)
and ξΥ = 3.574(26), within 3% and 2% of the target value respectively.
To probe the reliability of the simulations further we determine the pseudoscalar and
vector dispersion relations in the B-meson sector using the same input parameters as for
the ηb and Υ. The measured anisotropy is determined from the slope of the dispersion re-
lation and comparing this parameter in the heavy-heavy and heavy-light sectors effectively
isolates momentum-dependent discretisation effects providing a clean test of the robustness
of heavy-quark simulations. This was highlighted in an analysis of differences in binding
energies between heavy-heavy and heavy-light systems in Refs. [38, 39]. The dispersion
relations for B-mesons are shown in the right-panel of Figure 1. In this case, the mea-
sured anisotropies of the pseudoscalar and vector heavy-light mesons are ξB = 3.360(29)
and ξB∗ = 3.293(31), within 4% and 6% of the target value respectively. As noted, there
is some discrepancy between the anisotropy measured in the bottomonium and B meson
1Details regarding the construction of moving frame hadron operators are given in Ref. [37].
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Figure 1. Dispersion relations for ηb, Υ, B and B
? hadrons. In the case of vector states where
multiple helicity components are present, |λ| = 0 is the leftmost point, the |λ| = 1 points to the
right of this have been displaced slightly from their true (asp)
2 values for legibility. The faded
points in the left panel are produced by momentum [210] and [211] operators. The corresponding
energy levels are less reliably determined and are not included in the fits shown. The line shown
corresponds to fits with n2 = n2x + n
2
y + n
2
z ≤ 4 in Table 2 and the errors on the points and the fit
parameters are statistical only.
atm ξ n
2 ≤ χ2/Ndof
ηb
1.66302(5) 3.590(15) 4 2.445−2 = 0.81
1.66305(5) 3.568(12) 6 9.047−2 = 1.81
Υ
1.66650(7) 3.574(26) 4 8.9110−2 = 1.11
1.66650(9) 3.534(20) 6 18.9916−2 = 1.36
B 0.93718(25) 3.360(29) 4 1.785−2 = 0.59
B? 0.94371(31) 3.293(31) 4 7.0810−2 = 0.89
Table 2. Parameters determined from dispersion relation fits using Eq. 2.1 to rest and moving-
frame energies, in JP = 0−, 1− for both heavy-heavy and heavy-light systems, n is defined below
Eq. 2.1. The energies used and the fit for n2 ≤ 4 are shown in Fig. 1.
systems but in each case the measured values are at most 6% from the target anisotropy.
A similar, although smaller, effect was observed between charmonium and D mesons. Im-
proved determinations of the energy levels at finite momentum and tuning on a larger
volume may reduce this discrepancy, which will be investigated in future work. In conclu-
sion, the dispersion relations for both heavy-heavy and heavy-light vector and pseudoscalar
mesons yield precise determinations of the measured anisotropy demonstrating relativistic
behaviour including for large values of spatial momentum.
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cs 1.2 2.0 2.2 experiment
(mΥ −mηb)/ MeV 19.5±0.6 47.4±0.8 55.3±0.4 61.6±2.0
Table 3. A comparison of the the 1S hyperfine splitting determined with the tree-level clover
coefficient and with increased values, cs = 2.0 and 2.2 to investigate the possible effects of nonper-
turbative improvement and to provide an approximate scale for the discretisation error
2.2 Spatial discretisation effects and the hyperfine splitting
The hyperfine splitting inferred from the masses in Table 2 2 is significantly smaller than
the experimental value. A similar effect was noted using this approach in charmonia, as
reported in Ref. [10]. This underestimate is a common feature of calculations at finite lattice
spacing. Nevertheless, several other approaches have determined the hyperfine splitting
using lattice QCD [19–21, 23, 25, 27], in many cases finding good agreement.
The (spatial) clover term cs appears in Eq. 5 of Ref. [33], and its tree-level tadpole-
improved value is used consistently for the dynamical quarks and the valence bottom quark
computed here. However, this is expected to underestimate the non-perturbative value [40]
required for full O(a) improvement. The effect of increasing cs was explored for charmonia
in Ref. [10] where it was found that by replacing the tree level value cs = 1.35 with cs = 2
the 1S hyperfine splitting increased from ∆cs=1.35 = 80(2) MeV to ∆cs=2.0 = 114(2) MeV,
significantly closer to the physical value of 117 MeV.
A similar analysis is repeated here for bottomonium and summarised in Table 3. A
clover coefficient cs = 2.2 was chosen to approximate the nonperturbative value at the bot-
tom quark mass, and the ηb–Υ mass difference was determined. Empirically, the hyperfine
splitting increases with increasing cs, ∆cs=1.2 = 19.5 ± 0.6 MeV to ∆cs=2.2 = 55.3 ± 0.4
MeV, much closer to the experimental value of 61 MeV. Disconnected contributions are
not included in this analysis, as was also the case in charmonium, however these are ex-
pected to be small due to OZI suppression and are unlikely to play a significant role in the
discrepancies with experimental values discussed above.
We conclude that for the anisotropic action with stout smearing used here, the O(asp)
discretisation errors are under reasonable control for bottomonium and heavy-light simu-
lations at zero and finite momenta up to [200]. The latter is important as in subsequent
work we will extend our analysis to include meson-meson operators for states above decay
threshold. Finally, the analysis of the effect of enlarging the clover term suggests a scale
for the discretisation errors of approximately 35-40 MeV.
3 Operator construction, fitting and spin identification
Following the notation and methods developed and described in Refs. [4, 5, 10], meson
energies are determined from two-point correlation functions
Cij(t) = 〈0|Oi(t)O†j(0)|〉, (3.1)
2To quote energies in physical units we use the ratio of the mass of the Ω baryon measured in a lattice
calculation [7] to its experimental mass, yielding a−1t = 5667 MeV.
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where the operators O†j(0) create the state of interest at t = 0 which is later annhilated by
Oi(t) at euclidean time t. The correlation functions have a spectral decomposition
Cij(t) =
∑
n
Zn∗i Z
n
j
2En
e−Ent, (3.2)
where Zni = 〈n|O†i |0〉 are the operator overlaps. Distillation is used to create correlation
functions, facilitating the efficient construction of large operator bases. A derivative-based
construction is used, combining gauge-covariant forward-backward, spatial derivatives and
gamma matrices in a fermion bilinear to form operators of definite JPC . The discrete
lattice breaks rotational symmetry, and the relevant symmetry group for a lattice calcula-
tion is Oh whose five, ten including parity, irreducible representations (irreps) are labelled
A1, T1, T2, E,A2. The distribution of a continuum spin state across the lattice irreps is
shown in Table 4, for J ≤ 4. The assignment of continuum spin values to lattice energy
levels, characterised by lattice irreps, is not straightforward, the procedure we follow is
discussed in Refs. [4, 5]. Finally, the lattice operators used in this work are constructed to
transform in a definite lattice irrep and row, Λ and λ respectively, and are derived from
continuum operators OJ,M by subduction.
O[J ]Λ,λ =
∑
M
SΛ,λJ,MOJ,M , (3.3)
where M is the Jz component of spin. In each irrep we include operators in the basis that
are proportional to the commutator of two covariant derivatives, the field-strength tensor,
to investigate the pattern of hybrid mesons. The number of operators in each lattice irrep,
ΛPC , used in this study is given in Table 4.
J Λ(dimension)
0 A1(1)
1 T1(3)
2 T2(3)⊗ E(2)
3 T1(3)⊗ T2(3)⊗A2(1)
4 A1(1)⊗ T1(3)⊗ T2(3)⊗ E(2)
Λ Λ−+ Λ−− Λ++ Λ+−
A1 12 6 13 5
T1 18 26 22 22
T2 18 18 22 14
E 14 12 17 9
A2 4 6 5 5
Table 4. The left table shows the distribution of continuum spin across the lattice irreps at rest,
up to J = 4. The right table lists the number of operators used in each lattice irrep. The operators
are fermion-bilinears of the form ψ¯ΓDiDj . . . ψ constructed with combinations of forward-backward
derivatives and gamma matrices to have definite momentum, as discussed in the text.
The energy levels and operator overlaps are extracted from two-point correlation func-
tions using the variational method [41, 42]. In each lattice irrep energies and overlaps are
extracted from a matrix of two-point correlators, Cij(t) by solving a generalised eigenvalue
problem
Cij(t)v
n
j = λ
n(t, t0)Cij(t0)v
n
j , (3.4)
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Figure 2. Principal correlator fits, according to Eq. 3.5, in the T−−1 irrep extracted on t0/at = 8
on the (L/as)
3 = 203 volume computed with two time-sources. 10 levels are identified. Data points
are λn(t) · emn(t−t0) with fits shown including the one sigma statistical uncertainty. The grey stars
were not included in the fit.
where i and j label the operators and t0 is the reference timeslice. The generalised eigen-
values, or principal correlators, λn yield the energies from fits to
λn(t) = (1−An)e−mn(t−t0) +Ane−m′n(t−t0), (3.5)
with free parameters mn,m
′
n, An, where mn is the energy of the state of interest. An
example of the principal correlators determined in this study is shown in Figure 2. In
general we find this method continues to work well with bottom quarks, as it also did in
studies of the excited charmonium and open charm mesons and for light (isovector and
isoscalar) mesons and baryons.
3.1 Spin identification
Lattice energy levels are assigned continuum spin values following the approach described in
Refs. [4, 5]. The lattice operators used in this work are subduced from continuum operators
with definite spin, as detailed in Eq. 3.3, empirically it has been observed that they do not
depend significantly on the specific lattice irrep into which they are subduced. Continuum
spin assignments are then made by comparing the overlap values determined independently
in different lattice irreps which have been subduced from the same continuum operator.
This is a powerful tool to discriminate the spin of higher-lying energy levels especially in
a dense spectrum with many states that are close to degenerate in mass. This method
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0.1
0.2
0.3
0.4
Figure 3. Operator overlap values |Z| for a continuum JPC = 4−− operator subduced into lattice
irreps A−−1 , T
−−
1 , T
−−
2 and E
−−. The masses and overlaps are found to be quite consistent across
lattice irreps. We thus identify these four states as components of the same continuum 4−− level.
was shown to work well in the charmonium spectrum [10] and the same methodology is
employed here.
An illustrative example is given in Figure 3, which shows the overlap values Zni de-
termined in the variational analysis for the
(
a1 ×D[3]J13=2, J=3
)J=4
operator3 with overall
JPC = 4−−. This appears in A−−1 , T
−−
1 , T
−−
2 and E
−− when subduced and we find the
operator produces a consistent value across irreps. In general we find good agreement be-
tween Z values that originate from the same continuum operator, and we use this approach
to assign continuum spin values up to J = 4.
An illustrative example of the relative operator overlaps for each state n is given in
Figure 4, here the overlap for operator i is plotted using Z˜ni = Z
n
i /max∀m(|Zmi |). Even in
this densely packed T−−1 irrep, the spin assignment is abundantly clear.
0.2
0.4
0.6
0.8
1.0
Figure 4. Normalised operator overlaps |Z˜| for the lowest 10 states in the T−−1 irrep on the 203
volume. The overlaps are normalised so that the largest value across all states is unity. Each state
is labelled by its mass in lattice units determined in a variational analysis. The colours represent
the continuum spin from which the operator was subduced and lighter colours indicate hybrid-like
operators.
3Operator definitions are provided in Ref. [5].
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4 Results
In this section we present results for the spectrum of bottomonium mesons including can-
didate hybrid states. The results, organised by the relevant lattice irrep are shown first,
followed by the final spin-identified spectrum labelled by the continuum quantum numbers
JPC .
4.1 The bottomonium spectrum by lattice irrep and volume comparison
The spectrum of excited and exotic bottomonium states determined on the 203 volume and
arranged by lattice irreps, labelled ΛPC , is shown in Figure 5. The results are presented
relative to the energy of the lowest state in the system, the ηb meson, to mitigate the
uncertainty due to tuning heavy quark mass. The vertical height of the boxes shows the
one sigma statistical uncertainty about the mean, from a determination of energy levels
using the variational analysis, as described earlier. The energy levels are colour-coded
according to the spin, identified as described above (black for J = 0, red for J = 1, green
for J = 2, blue for J = 3 and gold for J = 4), as in Ref. [10].
1.65
1.70
1.75
1.80
1.85
1.90
1.95
0
500
1000
1500
Figure 5. The spectrum of bottomonium mesons determined on the 203 volume with two time
sources and organised by lattice irrep. The states are color coded according to the spin of the
continuum operator which has the dominant overlap in each level. The height of the boxes is the
one-sigma uncertainty about the mean. The dashed lines show the lowest relevant thresholds from
masses determined in this calculation. Shown are the robustly determined energy levels in each
irrep. States above atE ≈ 1.96 are not shown.
In Figure 6 the volume dependence of the extracted spectrum is investigated, by com-
paring results from two spatial volumes, 203 and 243. Overall the same pattern of states is
observed although with some dependence on volume visible particularly in the higher-lying
states, albeit with larger statistically uncertainties on the 243 volume.
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Figure 6. A comparison between the spectra obtained in selected irreps at two spatial volumes
(L/as)
3 = 203, 243.
In this study single-meson operators constructed from fermion bilinears are utilised.
Since no multi-hadron operators are included a strong overlap onto multi-hadron states is
not expected. Investigations of the consequences of this choice have found that using only
approximately-local operators, a level usually arises within the width of the state [43, 44].
We find that the calculated spectrum is well-described by single mesons as indicated by
the only mild volume dependence and very consistent agreement for a state of definite
continuum spin subduced into its relevant lattice irreps. However, we cannot rule out the
presence of additional spectroscopic states that may be found by extracting and analysing
the scattering amplitude [45–47] and we note that relevant two-hadron strong thresholds
include ηbη, ηbpipi and BB¯.
4.2 The spin-identified bottomonium spectrum
The spin-identified spectrum of bottomonium mesons labelled by continuum quantum num-
bers, JPC , is shown in Figure 7. The numerical values relative to the ηb, in MeV units, are
provided in Table 5. Using the operator overlaps to identify the different components of
the given J = 2, 3, 4 states split across lattice irreps, we do not find statistically significant
discretisation effects due to rotational symmetry breaking, and therefore continuum spins
of states up to J = 4 are assigned.
Clusters of states appear to follow quark model supermultiplets. For example, in the
negative parity sector (leftmost on the plot) (1, 2, 3)S and (1, 2)D are visible with possibly a
few states of the 1G supermultiplet. We find no 0−− state in the energy region we consider.
In the positive parity sector (middle pane) (1, 2)P and 1F are clearly identified. The left
panel of Figure 8 shows an example of the 1F operator overlaps for
(
(pi, ρ)×D[3]J13=2, J=3
)J
,
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which are seen to be consistent across supermultiplet members. This enables us to identify
that the third state in 2++ as 1F , while the nearby second state forms part of the 2P
supermultiplet.
The exotic quantum numbers, 1−+, 0+− and 2+− each contain a level, and there are
additional levels not accounted for by the quark model supermultiplet counting in several
irreps.
1.65
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1.80
1.85
1.90
1.95
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1000
1500
Figure 7. The spin-identified spectrum of bottomonium mesons, labelled by JPC . Results are
from the 203 volume with two time sources, the highest-statistics ensemble in this study. The
states are arranged by parity. The leftmost group are the negative parity mesons, middle group
shows the positive parity mesons and the rightmost group shows the mesons with exotic quantum
numbers. The vertical height of the boxes indicates the one-sigma statistical uncertainty. The grey
dashed lines show the lowest-lying strong decay thresholds determined from this lattice data. States
highlighted in red and blue are dominated by operators with a hybrid construction.
4.3 Hybrid supermultiplets
Candidate hybrid mesons are identified by examining the operator-state overlaps for each
energy level in a given lattice irrep. States with hybrid content are highlighted in red and
blue in Fig. 7, while all others appear in green.
A state is proposed to be a hybrid if it is characterised by a relatively large overlap onto
an operator proportional to the field-strength tensor. The same procedure was followed
in previous analyses of mesons in the light, strange, open-charm and charmonium meson
sectors. In each case a supermultiplet of hybrid states in [(0, 1, 2)−+, 1−−] was identified
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at an energy scale ≈ 1.3 GeV above the lightest state in the spectrum. It was previously
commented that such a pattern of states is predicted by bag models and models with
constituent gluonic degrees of freedom, but appears to rule out some flux-tube models.
A similar pattern of hybrids is identified in this bottomonium system. The T−+1 ir-
rep contains JPC = 1−+, 3−+ and higher J , some of which are not exotic based on qq¯
considerations. One difference to studies with lighter quarks is that a state dominated by
a JPC = 4−+ operator arises at a lower energy than the first level with JPC = 1−+, as
can be seen in Figures 5 and 6. The second state in T−+1 is dominated by operators con-
taining a field-strength tensor in their constructions, singling it out as a hybrid candidate.
Furthermore, all of the irreps with JPC = (0, 1, 2)−+, 1−− have a state dominated by such
operators around atm = 1.93. In T
−−
1 this is state n = 8, whose relative overlap was shown
earlier in Figure 4.
In the right pane of Figure 8, we show the overlap of the simplest hybrid operator
construction4,
(
(pi, ρ)×D[2]J=1
)J
and find that, as for the 1F supermultiplet, we can identify
a hybrid supermultiplet across lattice irreps that has a common origin, with masses in the
range atm = 1.93−1.94. These states are highlighted in red in Fig. 7. Other states identified
as hybrid are highlighted in blue and may form parts of a higher-lying exotic supermultiplet.
In Figures 5 and 6, the hybrid candidates have been highlighted with a dotted outline. This
qualitative picture is very similar to that found with charm quarks in Refs. [10] and [14].
Finally, we note that in Ref. [48] a similar pattern of bottomonium hybrids is inferred using
the charmonium lattice calculations from Ref. [10] as input, although many more states
are predicted there than are found in this calculation.
1
2
3
4
5
1
2
3
4
5
Figure 8. Operator overlap values |Z| for continuum operators corresponding to a 1F supermul-
tiplet (left) and similarly a gluonic hybrid construction (right). These are subduced into different
irreps as indicated, with a consistent value found for the operator overlap across irreps.
4.4 Comparison to experiment
The aim of this study has been to investigate the qualitative features accessible in bot-
tomonium using a relativistic action, and a basis of quark-antiquark operators in a proven
4We use the same notation as in Ref. [10] where pi(ρ) are γ5(γi) respectively.
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methodology for extracting highly excited states. Although statistically precise, we do not
necessarily expect these results to be quantitatively accurate for several reasons, including
discretisation effects due to the heavy quark mass, the presence of additional levels due to
hadronic decays, the larger-than-physical light quark mass and the lack of sea quark effects
for bottom and charm. While a comprehensive error budget is beyond the scope of this
work it is still informative to make a comparison with the existing experimental spectrum.
In Figure 9, we show the experimental energies listed in Ref. [36] compared with those
determined in this work. The hyperfine splitting is smaller in the lattice spectra, compared
with experiment, as discussed above. The 2S states lie slightly below their experimental
counterparts. The 1P states are in reasonable agreement with experiment while the 2P
multiplet is consistently higher in energy. Comparing spin-averaged splittings, we find that
∆2S−1S = 564(3) MeV is in good agreement with the corresponding experimental value of
563.3 MeV. The spin-averaged (1P-1S) splitting is 495(3) MeV in this study compared to
455.12 MeV from experiment.
An extra level belonging to the 1D supermultiplet appears in 1−−, similar to those
seen in quark potential models [49]. This state has not been unambiguously observed
experimentally although the 2−− member is known [50, 51]. The comparable state in
charmonium, the ψ(3770), is clearly seen in both hadronic and e+e− processes, although
the lighter quark mass and the proximity of DD¯ are key differences that may mix the S
and D-wave eigenstates and enlarge production rates.
Quark potential models typically predict a small electromagnetic coupling to the
Υ(1D) [52] and it can in-principle be computed on the lattice from a local vector cur-
rent of the form
〈
0|ψ¯γiψ|Υ(1D)
〉
, for example as in Ref. [53]. While such a calculation
is beyond the scope of the present work, we already have the equivalent smeared vector
operator5, visible as the fourth |Z˜| plotted from the eigenvectors of each state in Fig. 4.
The Υ(1D) is identified as state n = 2 where this vector operator makes a tiny contribu-
tion, unlike the majority of states in the spectrum identified as having JPC = 1−−. The
pattern of overlaps suggests that state n = 5 is the Υ(2D), this receives a slightly larger
contribution from this smeared vector operator. We note that the state n = 8, identified
as a hybrid, also has a relatively small overlap with this smeared vector operator.
The mixing of the S-D eigenstates in 1−− can be qualitatively assessed, once again
from the operator overlaps. The final two non-hybrid vector operators shown in red in
Fig. 4 (ρ × D[2]J=2)J=1 and ρ2 × D[2]J=2)J=1) have previously been found to have dominant
overlaps onto 2S+1LJ =
3D1 states [8]. The same is true here with a tiny overlap in states
n = 0, 1 and a dominant overlap in state n = 2. This, and the previous comments regarding
the vector operator, suggests very weak S-D mixing in the lowest three 1−− states6. The
same cannot be said of states n = 4, 57 where significant contributions from both operators
are present. These states are found either side of BB¯ threshold, not dissimilar to the
ψ(3770) and ψ(2S) in charmonium found above and below DD.
5Otherwise referred to as (ρ)J=1 following the operator naming scheme in Ref. [5].
6Corresponding to Υ(1S), Υ(2S) and Υ(1D) respectively.
7Corresponding to Υ(3S) and Υ(2D) respectively.
– 14 –
The operator basis used in this T−−1 irrep contains 26 operators, many more than the
10 states we quote. Further levels are found at higher energies, but none lower in mass. We
stress that this does not necessarily mean that further levels are not present, we know there
must be hadron-hadron levels which are absent, and there is no guarantee the operators
used will overlap well with all the physical eigenstates. Of the 26 operators used, 5 pairs
are identical in the non-relativistic limit, which is a good approximation in bottomonium.
The absence of any states belonging to the 4S and 5S supermultiplets is striking, but this
should not be taken as evidence that they are not present, it is possible such states could
be found in a more sophisticated calculation, even below the hybrids in 0−+ and 1−−.
Similar differences can be found in 2++. Qualitatively, 3 states are found experimen-
tally and 3 are present in this calculation, however, as discussed above and shown in the
left panel of Fig. 8, the third level appears to be part of the 1F supermultiplet while the
experimental candidate is assigned to 3P . No clear 3P states arise in our calculation, but
again, this absence should not be taken as clear evidence that they are not present in
reality.
Figure 9. A selection of energy levels determined in this study for which there are corresponding
experimental values. The energy levels obtained in this study, shown in green, compared with
experiment [36], shown in black.
5 Summary
A first study of bottomonium including exotic and hybrid mesons from lattice QCD has
been presented. An extensive pattern of states comparable to that predicted by quark
– 15 –
models is determined. In addition, several hybrid meson candidates are identified at an
energy approximately 1500 MeV above the ground state ηb, some of which can be grouped
into a hybrid supermultiplet with JPC = (0, 1, 2)−−, 1−+. Similar qualitative features have
previously been observed in studies spanning light, strange and charm quarks and now for
the first time in bottom-quark physics.
This study was carried out with 2 + 1 dynamical quark flavours using distillation for
quark propagation. A single lattice spacing and a b-quark mass parameter slightly less than
unity are used so that discretisation uncertainties remain unquantified. Within the scope of
the calculation we have assessed their impact by considering dispersion relations of heavy-
heavy and heavy-light pseudoscalar and vector mesons and by varying the coefficient of the
spatial clover term cs in the heavy-quark action. Rotation breaking effects are also found
to be small and continuum spins are reliably assigned for states up to J = 4. A large basis
of carefully-constructed single-meson operators is used however hadron-hadron or multi-
hadron operators are not included. These are expected to be relevant above the indicated
hadron-hadron thresholds where additional eigenstates should be present that would mix
with states extracted here. Several studies have demonstrated that the methodology used
here produces an eigenstate within the hadronic width of the resonance in the vast majority
of cases. Such resonance effects are highly volume dependent and we have tested that the
same qualitative picture holds on a larger volume where in the majority of cases good
quantitative agreement is found.
A similar determination of the B meson spectrum and the Bc spectrum is underway,
and some preliminary results were presented in Ref. [32]. These methods appear to be
sufficiently reliable that investigations of near-threshold states can now begin, presenting
many interesting possibilities.
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A Masses summary table
In table 5 we summarise the masses found in physical units relative to the ηb as measured
in this study, as presented above in Figure 7.
References
[1] LHCb Collaboration, R. Aaij et al., Physics case for an LHCb Upgrade II - Opportunities in
flavour physics, and beyond, in the HL-LHC era, arXiv:1808.08865.
[2] E. Kou, P. Urquijo, W. Altmannshofer, F. Beaujean, G. Bell, M. Beneke, I. I. Bigi,
F. Bishara, M. Blanke, C. Bobeth, and et al., The belle ii physics book, Progress of
Theoretical and Experimental Physics 2019 (Dec, 2019).
[3] N. Brambilla, S. Eidelman, C. Hanhart, A. Nefediev, C.-P. Shen, C. E. Thomas, A. Vairo,
and C.-Z. Yuan, The XY Z states: experimental and theoretical status and perspectives,
arXiv:1907.07583.
[4] J. J. Dudek, R. G. Edwards, M. J. Peardon, D. G. Richards, and C. E. Thomas, Highly
excited and exotic meson spectrum from dynamical lattice QCD, Phys. Rev. Lett. 103 (2009)
262001, [arXiv:0909.0200].
[5] J. J. Dudek, R. G. Edwards, M. J. Peardon, D. G. Richards, and C. E. Thomas, Toward the
excited meson spectrum of dynamical QCD, Phys. Rev. D 82 (2010) 034508,
[arXiv:1004.4930].
– 17 –
JPC (m−mηb)/MeV
0−+ 0.0(3) 568(2) 928(10) 1527(16)†
1−− 20.1(4) 582(4) 792(9) 985(12) 1319(33) 1553(22)†
2−+ 827(7) 1426(36) 1568(27)†
2−− 824(7) 1351(37)
3−− 845(7) 1448(19) 1487(50)
4−+ 1496(20)
4−− 1451(23)
0++ 486(2) 902(13) 1285(39)
1+− 518(4) 1045(15) 1547(40)† 1663(33)†
1++ 506(3) 973(15) 1434(35) 1522(53)†
2++ 521(4) 1099(17) 1042(21)
3+− 1137(12)
3++ 1133(12)
4++ 1141(15)
1−+ 1536(16)†
0+− 1536(39)†
2+− 1689(17)†
Table 5. Masses by JPC using atmηb = 1.66300(5) and a
−1
t = 5667 MeV.
†A level identified as a
hybrid by its dominant operator overlaps.
[6] J. J. Dudek, R. G. Edwards, B. Joo, M. J. Peardon, D. G. Richards, and C. E. Thomas,
Isoscalar meson spectroscopy from lattice QCD, Phys. Rev. D 83 (2011) 111502,
[arXiv:1102.4299].
[7] R. G. Edwards, J. J. Dudek, D. G. Richards, and S. J. Wallace, Excited state baryon
spectroscopy from lattice QCD, Phys. Rev. D 84 (2011) 074508, [arXiv:1104.5152].
[8] J. J. Dudek, The lightest hybrid meson supermultiplet in QCD, Phys. Rev. D 84 (2011)
074023, [arXiv:1106.5515].
[9] J. J. Dudek and R. G. Edwards, Hybrid Baryons in QCD, Phys. Rev. D 85 (2012) 054016,
[arXiv:1201.2349].
[10] Hadron Spectrum Collaboration, L. Liu, G. Moir, M. Peardon, S. M. Ryan, C. E.
Thomas, P. Vilaseca, J. J. Dudek, R. G. Edwards, B. Joo, and D. G. Richards, Excited and
exotic charmonium spectroscopy from lattice QCD, JHEP 07 (2012) 126, [arXiv:1204.5425].
[11] Hadron Spectrum Collaboration, G. Moir, M. Peardon, S. M. Ryan, C. E. Thomas, and
L. Liu, Excited spectroscopy of mesons containing charm quarks from lattice QCD, PoS
LATTICE2013 (2014) 242, [arXiv:1312.1361].
[12] M. Padmanath, R. G. Edwards, N. Mathur, and M. Peardon, Spectroscopy of triply-charmed
baryons from lattice QCD, Phys. Rev. D 90 (2014), no. 7 074504, [arXiv:1307.7022].
[13] M. Padmanath, R. G. Edwards, N. Mathur, and M. Peardon, Spectroscopy of doubly-charmed
baryons from lattice QCD, Phys. Rev. D 91 (2015), no. 9 094502, [arXiv:1502.01845].
[14] Hadron Spectrum Collaboration, G. K. Cheung, C. O’Hara, G. Moir, M. Peardon, S. M.
– 18 –
Ryan, C. E. Thomas, and D. Tims, Excited and exotic charmonium, Ds and D meson spectra
for two light quark masses from lattice QCD, JHEP 12 (2016) 089, [arXiv:1610.01073].
[15] A. Francis, R. J. Hudspith, R. Lewis, and K. Maltman, Lattice Prediction for Deeply Bound
Doubly Heavy Tetraquarks, Phys. Rev. Lett. 118 (2017), no. 14 142001, [arXiv:1607.05214].
[16] A. Francis, R. J. Hudspith, R. Lewis, and K. Maltman, Evidence for charm-bottom
tetraquarks and the mass dependence of heavy-light tetraquark states from lattice QCD, Phys.
Rev. D 99 (2019), no. 5 054505, [arXiv:1810.10550].
[17] P. Junnarkar, N. Mathur, and M. Padmanath, Study of doubly heavy tetraquarks in Lattice
QCD, Phys. Rev. D 99 (2019), no. 3 034507, [arXiv:1810.12285].
[18] L. Leskovec, S. Meinel, M. Pflaumer, and M. Wagner, Lattice QCD investigation of a
doubly-bottom b¯b¯ud tetraquark with quantum numbers I(JP ) = 0(1+), Phys. Rev. D 100
(2019), no. 1 014503, [arXiv:1904.04197].
[19] S. Meinel, The Bottomonium spectrum from lattice QCD with 2+1 flavors of domain wall
fermions, Phys. Rev. D 79 (2009) 094501, [arXiv:0903.3224].
[20] S. Meinel, Bottomonium spectrum at order v6 from domain-wall lattice QCD: Precise results
for hyperfine splittings, Phys. Rev. D 82 (2010) 114502, [arXiv:1007.3966].
[21] HPQCD Collaboration, R. Dowdall et al., The Upsilon spectrum and the determination of
the lattice spacing from lattice QCD including charm quarks in the sea, Phys. Rev. D 85
(2012) 054509, [arXiv:1110.6887].
[22] C. McNeile, C. Davies, E. Follana, K. Hornbostel, and G. Lepage, Heavy meson masses and
decay constants from relativistic heavy quarks in full lattice QCD, Phys.Rev. D86 (2012)
074503, [arXiv:1207.0994].
[23] RBC, UKQCD Collaboration, Y. Aoki, N. H. Christ, J. M. Flynn, T. Izubuchi, C. Lehner,
M. Li, H. Peng, A. Soni, R. S. Van de Water, and O. Witzel, Nonperturbative tuning of an
improved relativistic heavy-quark action with application to bottom spectroscopy, Phys. Rev.
D 86 (2012) 116003, [arXiv:1206.2554].
[24] R. Lewis and R. Woloshyn, Higher angular momentum states of bottomonium in lattice
NRQCD, Phys. Rev. D 85 (2012) 114509, [arXiv:1204.4675].
[25] HPQCD Collaboration, R. Dowdall, C. Davies, T. Hammant, R. Horgan, and C. Hughes,
Bottomonium hyperfine splittings from lattice nonrelativistic QCD including radiative and
relativistic corrections, Phys. Rev. D 89 (2014), no. 3 031502, [arXiv:1309.5797]. [Erratum:
Phys.Rev.D 92, 039904 (2015)].
[26] M. Wurtz, R. Lewis, and R. Woloshyn, Free-form smearing for bottomonium and B meson
spectroscopy, Phys. Rev. D 92 (2015), no. 5 054504, [arXiv:1505.04410].
[27] J. A. Bailey, C. DeTar, Y.-C. Jang, A. S. Kronfeld, W. Lee, and M. B. Oktay, Heavy-quark
meson spectrum tests of the Oktay–Kronfeld action, Eur. Phys. J. C 77 (2017), no. 11 768,
[arXiv:1701.00345].
[28] X. Liao and T. Manke, Relativistic bottomonium spectrum from anisotropic lattices, Phys.
Rev. D 65 (2002) 074508, [hep-lat/0111049].
[29] TrinLat Collaboration, J. Foley, A. O’Cais, M. Peardon, and S. M. Ryan, A
Non-perturbative study of the action parameters for anisotropic-lattice quarks, Phys. Rev. D
73 (2006) 014514, [hep-lat/0405030].
– 19 –
[30] C. Morningstar and M. J. Peardon, Analytic smearing of SU(3) link variables in lattice
QCD, Phys. Rev. D 69 (2004) 054501, [hep-lat/0311018].
[31] Hadron Spectrum Collaboration, M. Peardon et al., A novel quark-field creation operator
construction for hadronic physics in lattice QCD, Phys. Rev. D80 (2009) 054506,
[arXiv:0905.2160].
[32] S. M. Ryan, Spectroscopy of mesons with bottom quarks, in 37th International Symposium on
Lattice Field Theory, 1, 2020. arXiv:2001.02747.
[33] R. G. Edwards, B. Joo, and H.-W. Lin, Tuning for Three-flavors of Anisotropic Clover
Fermions with Stout-link Smearing, Phys. Rev. D 78 (2008) 054501, [arXiv:0803.3960].
[34] Hadron Spectrum Collaboration, H.-W. Lin et al., First results from 2+1 dynamical quark
flavors on an anisotropic lattice: Light-hadron spectroscopy and setting the strange-quark
mass, Phys. Rev. D 79 (2009) 034502, [arXiv:0810.3588].
[35] A. X. El-Khadra, A. S. Kronfeld, and P. B. Mackenzie, Massive Fermions in Lattice Gauge
Theory, Phys. Rev. D55 (1997) 3933–3957, [hep-lat/9604004].
[36] Particle Data Group Collaboration, M. Tanabashi et al., Review of Particle Physics,
Phys. Rev. D 98 (2018), no. 3 030001.
[37] C. E. Thomas, R. G. Edwards, and J. J. Dudek, Helicity operators for mesons in flight on
the lattice, Phys. Rev. D 85 (2012) 014507, [arXiv:1107.1930].
[38] S. Collins, A. Ali Khan, C. Davies, J. Shigemitsu, U. M. Heller, and J. Sloan, Heavy - light
meson decay constants from NRQCD: An Analysis of the 1/M corrections, Nucl. Phys. B
Proc. Suppl. 47 (1996) 451–454, [hep-lat/9509065].
[39] A. S. Kronfeld, Binding energies in nonrelativistic field theories, Nucl. Phys. B Proc. Suppl.
53 (1997) 401–404, [hep-lat/9608139].
[40] M. Luscher, S. Sint, R. Sommer, P. Weisz, and U. Wolff, Nonperturbative O(a) improvement
of lattice QCD, Nucl. Phys. B 491 (1997) 323–343, [hep-lat/9609035].
[41] C. Michael, Adjoint Sources in Lattice Gauge Theory, Nucl. Phys. B 259 (1985) 58–76.
[42] M. Luscher and U. Wolff, How to Calculate the Elastic Scattering Matrix in Two-dimensional
Quantum Field Theories by Numerical Simulation, Nucl. Phys. B 339 (1990) 222–252.
[43] Hadron Spectrum Collaboration, J. J. Dudek, R. G. Edwards, and C. E. Thomas, Energy
dependence of the ρ resonance in pipi elastic scattering from lattice QCD, Phys. Rev. D87
(2013), no. 3 034505, [arXiv:1212.0830]. [Erratum: Phys. Rev.D90,no.9,099902(2014)].
[44] D. J. Wilson, R. A. Briceno, J. J. Dudek, R. G. Edwards, and C. E. Thomas, Coupled
pipi,KK¯ scattering in P -wave and the ρ resonance from lattice QCD, Phys. Rev. D92 (2015),
no. 9 094502, [arXiv:1507.02599].
[45] Hadron Spectrum Collaboration, J. J. Dudek, R. G. Edwards, and D. J. Wilson, An a0
resonance in strongly coupled piη, KK scattering from lattice QCD, Phys. Rev. D93 (2016),
no. 9 094506, [arXiv:1602.05122].
[46] R. A. Briceno, J. J. Dudek, R. G. Edwards, and D. J. Wilson, Isoscalar pipi,KK, ηη
scattering and the σ, f0, f2 mesons from QCD, Phys. Rev. D 97 (2018), no. 5 054513,
[arXiv:1708.06667].
[47] M. T. Hansen and S. R. Sharpe, Lattice QCD and Three-particle Decays of Resonances, Ann.
Rev. Nucl. Part. Sci. 69 (2019) 65–107, [arXiv:1901.00483].
– 20 –
[48] N. Brambilla, W. K. Lai, J. Segovia, and J. Tarrs Castell, QCD spin effects in the heavy
hybrid potentials and spectra, Phys. Rev. D 101 (2020), no. 5 054040, [arXiv:1908.11699].
[49] S. Godfrey and N. Isgur, Mesons in a Relativized Quark Model with Chromodynamics, Phys.
Rev. D 32 (1985) 189–231.
[50] CLEO Collaboration, G. Bonvicini et al., First observation of a Upsilon(1D) state, Phys.
Rev. D 70 (2004) 032001, [hep-ex/0404021].
[51] BaBar Collaboration, P. del Amo Sanchez et al., Observation of the Υ13DJ Bottomonium
State through Decays to pi+pi−Υ1S, Phys. Rev. D 82 (2010) 111102, [arXiv:1004.0175].
[52] W. Kwong and J. L. Rosner, D Wave Quarkonium Levels of the Υ Family, Phys. Rev. D 38
(1988) 279.
[53] C. J. Shultz, J. J. Dudek, and R. G. Edwards, Excited meson radiative transitions from
lattice QCD using variationally optimized operators, Phys. Rev. D91 (2015), no. 11 114501,
[arXiv:1501.07457].
[54] SciDAC Collaboration, R. G. Edwards and B. Joo´, The chroma software system for lattice
qcd, Nucl. Phys. B. Proc. Suppl. 140 (2005) 832, [hep-lat/0409003].
[55] M. A. Clark, R. Babich, K. Barros, R. C. Brower, and C. Rebbi, Solving Lattice QCD
systems of equations using mixed precision solvers on GPUs, Comput. Phys. Commun. 181
(2010) 1517–1528, [arXiv:0911.3191].
[56] R. Babich, M. A. Clark, and B. Joo´, Parallelizing the QUDA Library for Multi-GPU
Calculations in Lattice Quantum Chromodynamics, in International Conference for High
Performance Computing, Networking, Storage and Analysis (SC), pp. 1–11, 2010.
arXiv:1011.0024.
[57] B. Joo´, D. Kalamkar, K. Vaidyanathan, M. Smelyanskiy, K. Pamnany, V. Lee, P. Dubey, and
W. Watson, Lattice qcd on intel xeon phitm coprocessors, in Supercomputing (J. Kunkel,
T. Ludwig, and H. Meuer, eds.), vol. 7905 of Lecture Notes in Computer Science, pp. 40–54.
Springer Berlin Heidelberg, 2013.
[58] J. Osborn, R. Babich, J. Brannick, R. Brower, M. Clark, et al., Multigrid solver for clover
fermions, PoS LATTICE2010 (2010) 037, [arXiv:1011.2775].
[59] R. Babich, J. Brannick, R. Brower, M. Clark, T. Manteuffel, et al., Adaptive multigrid
algorithm for the lattice Wilson-Dirac operator, Phys.Rev.Lett. 105 (2010) 201602,
[arXiv:1005.3043].
– 21 –
